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Corollary 3. It is clear from the proof that, when k is odd, the formal solution con-
tains no logarithms.

The author thanks V.V. Kozlov for suggesting the problem and for his help.
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AN ASYMPTOTIC ANALYSIS OF THE FORCED OSCILLATIONS IN SYSTEMS WITH
SLOWLY VARYING PARAMETERS*

M.B. EPENDIYEV

The oscillations in weakly non-linear systems with slowly varying
parameters are investigated. For periodically varying parameters, a
spectral analysis is made of the steady-state oscillations in order to
obtain reasonably simple analytical results. Special attention is paid
to the cases when some natural frequencies vary over a much wider range
than the frequency of parameter variation.

The usual basic methods for analysing such problems /1-3/ are not
suitable of the present purpose, especially when the parameters vary
over a wide range. A rather different scheme for analysing the system
of differential equations is proposed below. The matrizant (Green's
function) of the linear problem 1is written in a form which ensures
faster convergence than in the WKB method and of the procedure for the
asymptotic evaluation of the required quantities /1, 2/. Even to a
first approximation, the results differ from those of /1, 2/, and differ
the more, .the greater the range of variation of the parameters. The
non-linear forces are taken into account by successive approximation
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with partial linearization at each step. The slowly varying coefficients
of the linearized part correct the parameters of the linear operator
and are functionals of the relevant approximate solution. In some
cases, this functional problem can be reduced to an ordinary equation
in several unknowns. A one-dimensional oscillatory system is studied
in more detail in this context, with periodically varying rigidity and
cubic non-linearity, under the action of a single-frequency force
excitation.

1. The linear approximation. Consider the equation

Lina (1) = Fy (t), 7(0) = 2,7 (0) = 0 (1.1)
d d —— d
Lyn = Sun ~5 mx —= + Vg <2-Rkn =+ URn)
4, k==n
0<i<T, kyn—="1,2,. ., N, 53,,:{0 oo

Here and throughout, we understand summation over repeated Latin subscripts, running
from 1 to N. The matrices R and U are positive definite and symmetric (though this is not
essential for the essence of the method), while the functions R (1), Ung (1), my (8} > my > 0,
which will often be denoted by C( (), are differentiable a sufficient number of times (i.e.,
all the derivatives used below are bounded). The functions Fy (f) are bounded. To reduce
the number of subscripts, we put Fp = §,F, and we shall seek the inverse operators Ly™.

Let he (1), ¥i* (1) (2 =1,2,...,N) be the eigenvalues and eigenvectors of the matrix

U, where a2y >0, Ay — Ag |2 A, for all as=P. We define the vectors W;* by means
of the cofactors of (U — Aa):

U o FUR B _
Pe=S B L Ph= s L\%, U ()= det (U —1)
We shall assume that | P* (§}] 2= Py > 0. We put

ka - Pkaq’a/pla’ Wm — [Pla/ ( H (Xﬁ e M))]‘/.

i

We will seek the solution of Eq.(1.1l) in the form

t
2o = LitFy = ISZQ (mytoa) {Sd:' [ 4 @sin (\ oadt) + (1-2)

% : oy
B (t) cos (5 O dt)] exp (— 5 Ve dt) MM—{ZZ(; izl(i,t)]),,, }

where A%, By*, Wa, 0, A is the set of 2N24- 3N unknown functions, denoted below by
Y (8. Substituting {1.2) into (1.1), we obtain the 2N®*- 2N equations
B w BY
o k - ek 1.3
Undn® = 034, + A* (4, B), UpnBy* = 022B," + A% (B, — 4) (1.4)
Aka (As B)= - S%nAna -+ mGV%ﬂBna

Here we introduce the operators

g z=== d/‘dt —Ya- Vg’n =2 (Gkn@a + Rkn)
Sifn == 8p [WZ'aaE‘ﬂ&"" + Yy fmg — (o frue ] +
2Ry (90 — Y /m) 03

We choose a further N equations such that Y () depends on time only via the parameters,
ie., Y@)=Y(,C,...). For this, we note that, by (1.4),
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Ey = 2V0Eq — 2 (Ryn A 4," + Pa) (1.5)

dB_ % aq.”
Ea= naAna + BnGBna + ggm g:n ———Ti_ (Aka “T‘;_ - Bna—_d';_>
(-3

Pa= Rkn [BkaBna + E’?’n + mn. (AkuBna - AnaBka)/zmn]

It is clear from (1.5) that the requirement for implicit time-dependence can only be
satisfied in the entire class of admissible functions (including gquasistationary functions)
if E, = const > 0. The choice of Eq in (1.2) is unimportant. Putting E, =1, we obtain
the N equations

Vo= Rin A" A" + pa (1-6)

We define the slowness of variation of the parameters and the smallness of the dissipat-
ive terms by introducing the small parameters e, &: C — C (gt), R > g,R, 0 g; gy i =1, 2.
Using algebraic transformations, we can write (1.3), (1.4), (1.6) as

0a="V7a +8(0a) 8(0x)=— ¥ D" (4, B)/((0a + Va) ¥u"4a%) (1.7)
Yo =T+ 8(Va)s Vo= R ¥ ¥a" (1.8)
6 (Ya) = Pa -+ Rk [2¥,%a;” Vi — g — V% + a, e,
A=V +8(47), (4 =a + T (VT—%—1) (1.9)
. 1 L% @
= ) = —o,¥Y 1.10)
Wa= Vot S 80Va) = i (ot —a <) (1.40)
N .
B = an[ 7 ; Vegnt W, — (1.11)
d o @
265 (4 — 7o) ¥o" + Ras¥ )| + 8(B)
¥ * ®
8(By") = W’; Z{mawﬁg:ﬁ‘s(Anﬁ) —m—: W%, W -+

B
— b 4
[an (G(Wﬁ) — L5 (Wa)) + Wb (ma)] 4, +
o4 7

By — G [8 () V3 A,% + 0aV70 (A57) — 268 (va) ¥a"]

ax® = Gitn [(@e? — ha) 4™ + A% (4, B)],  Gin = Piin/Py”
B \
by = G [(0o2 — h) Bo — S4B, 0 = EW“ (aa - ak“)

a

%o = B,*B," + Ein + 0% 2,74,/ Yo + a,%)

where the operator g, = ¥,2G,%;V, B Note that g¢* = b* = 0. We can prove the order
relations: (4, W, o) ~1, (B, v)~ &; (6 (4), 8§ (W), 8 (0)) ~ €%, (8 (B), 8 (¥)) ~ €3, &€ = g, &,.

In short, in Egs.(1.7)-(1.11), written in the form Y =¥, 4+ 8(Y), the second terms
are two orders smaller than the first. Using the procedure of successive approximation, we
have

Yo=Yy .. Yo=Y, + B(Y)|Y=Y(k,a Y. () =Y, (C,C) (1-12)
| Y gy — Yy | < &2%40M,,, kE=1,2..., = max (&, &) (1.13)
where 86 =10 for Y =4, W, o and 8§ =1 for Y =B, y, while the M), are bounded
constants for all 0 g, < e. Note that e, and My depend on the properties of the func-
tions C () for 0Lt T.
It was assumed above that Wo >0 (| P® | > Py > 0). The results are applicable, however,
in the cases when ¥, =0 for certain a (e.g., U is the direct sum of square matrices of
lower order). Let V¥,=0. We must then assume in (1.5) that £, =0. To allow for this,

it suffices, with a =1, to multiply Egs.({1.9), (1.11) by ¥, = const, divide (1.10) by
the same, and to substitute the limits (A4,'¥,, B'¥,, Wi/¥)lw,~¢ into (1.2), (1.7), (1.8)

instead of Axl, B! and W; (the bounded limit Y,G.llw—~ exists).
The problem is more difficult if the matrix U has multiple eigenvalues. Let o= A=
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=h 2R >0, |2 — Rk for all a=1,. . N, a:f=@tD. In this case, the functions
A%, By, Wy, 0y, Ay, with «>»s+1 may be found by the above method, while with a2 <s they
are connected by a system of s differential equations. We take mutually orthogonal vectors
¥ such that V,SRu¥®= Tedap + WB=1,2,.. s Then, putting
Vo =Y=s"Hrid 1), ma:l’/u}q' Bk“‘:—U, @S
we obtain the first approximation

5 8
-1
40= 5 ‘YkBHﬁa, W= B LY,
fx=t Be=1

S
Hopa)=(y—ry) Hyp+ D VaoHep ab=1....5 (1.14)
g=1
V=V =¥ L v o detH©)=1
aB = fae™ Tk gr Tk

With s=2 we obtain from (1.14)

layey —assy

a5y agfa

H=

} . O H = ﬂ gty 32328

i ~-G3Sy 21y

Cu =088, s, =sin [

T R

aa=exp{(—-1)a bcos(26a)dt}, b::LEL, a=1,2

=

where 8,() 1is found from the equations
B, +{(—1%sin(28)=Vay, 8,(0)=0, a=1,2
In (1.2) we put Fy =87, In the general case we have

t

2 (t) =\ Dy; (0, 0) ()

o

The first column Dy of the matrix Dy; is given in (1.2). The remaining columns
are similar, except that throughout the subscript 1 has to be replaced by i=2,3...,N
In the eigenvectors, only the sign can vary, while W,=~ V¥, - ¥/

To obtain the solution of Eq.(l.l) under arbitrary (bounded) initial conditions, it
suffices to introduce into the sums over o in (1.2) the factors 6, = const, and replace
the zero lower limit in the integrals by !, = const. This is equivalent to adding to (1.2)
the general solution of Eg.({l1.1l} with F, =0, which can be written as

K e
—% [ A,%5I0 (Ba (8) + Bao) + By 008 (B (1) + Eao)] (1.15)
,:.J (mk“)a) 2z
t t
o= Su)adt, Vg = Syadt, Koy Eqg = const

] [

With N =1, we obtain from {1.7)-{(1.11), omitting the subscripts, B =0,4=W = 1,
v = R, and the general solution is written as

&= L, + —S5 0 sin (8 () + %) (1.16)

(maw)
o {_or

oy —_— :
{m ¢y o @)}

.
(mo)"

sin (E(8) — E() dt' (117

where ® () is found by successive approximation from the equation
1 4d 1 d2 —
wzzb—}-ﬁ(ﬂ)), be*?z——'gr?m——;:';,‘er (1.&8}

8(w) = Va'd‘i—_i"”’"gf

In /2/ the resonance solutions are complex, while the expansion is with respect to e
(in {1.7)-(1.11) the expansion is with respect to ¢?. A detailed comparison is therefore
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difficult. But even in the first approximation, it can be seen that the results are different.
For instance, with F =¥, p>0,N =1, the particular solution in /1, 2/ in the form (1.2)

is different, in what W, =2V U/(p +¥T)%=1. The difference is most clearly marked in the
stationary limit (e —0); the solution (1.16) converges to the exact solution, while in the
particular solutions of /1, 2/ the extra factor 2¥Ulp+VTU) appears.

Let us consider the accuracy and asymptotic convergence of our results. Let X = (z, ...,
be the exact solution of Eg.(1.1), and X the n-th approximation (i.e., in (1.2),

x)

Y Y my)- Recalling (1.13), the asymptotic convergence can be proved: if T = Ty/e; and
C (1)(v = g,t) are 2n times differentiable with respect to t© for 0<{t< T, then, for
every T,, we can find constants M, ¢ such that | X — X, | < e M, for all 0 e<]
€ {here and throughout, the similar 1nequa11t1es for | X — Xm | are omitted).
1f we narrow down the problem, we can consider the concrete accuracy when the time
interval is not restricted and it is assumed in essence that there are two distinct parameters
817 €9 —
We define the operator L™t by substituting into (1.17) @ = am) = an, where g,
ie given by the seauence
is given by the sequence
1 2y
Go=b,eory Gru=b+du--., H=alTma k=1..,n (1.18)
and we accume thar bir) 1o diffarantriasble a2 cufficient number of times wit reenact to ~
and we assume that & (t) is differentiable a sufficient number of times with respect to =
for all 1>0 Let 2w@) denote the solution of (1.16) for o = ®@w, i.e., Lnyzm = F,
where Lgp =L — 8, + 6,; (6, =0)
Let
L F
> = (1€ vt
VONT J T
o
exist, and for all (>0 let
¢ |
Yy — <) di |z =const, O<{myIm(t)<loo, () =87, >0 (1-19)
0

Then, given any bounded function a (f)(]a (t)] < a3 <C ) and any 7 such that 0 << ®min
we have

//\
£

1T P W a __ oy . 2~ N 7 \
| L(n)@ | S Pho/€Vgy P == €707y + Um myY >0 {1.20)

(a similar inequality holds for IdL(,f)a/dt -

Put o =48 — & - If @ > ~ 0 for < n +han B mav | g | — ¢ 2B} whara
an =8, — 8uq.  If o > Gwn >0 for k< n, then PBmax|a,|=¢"™b, where
the b, are negative for all 0<e; <egq i=1, 2.
Theorem 1. Let the function F (¢) be bounded for all t>0, let Conditions (1.19)
hold, and for at least one n=1,2,..., let
€1 bn/BsVo <o <1, Gy > 0min >0, k=1,...,n (1.21)

Then, the exact solution of (1.1) with N =1 is bounded, and for all n that satisfy
(1.21) we have

) 9‘)
7 \...

if 2w 0) =2(0), 2w (0) =z (0).

Dwanf (1 20 o i baundad
L LUV . \Leavuy, -41(1[) 45 wuulded .

e
bt 4

........... {1 ANy a2

whence, using (1.20) and {1.21), we see that z (i) is bounded, i.e., we obtain (1.22).
The operator L for which (1.19) and (1.21) hold, will be called bounded, and when
separating the undamped solutions in (1.17) we extend the lower limit of integration to —oo.

Notice that, with F = exp(ipi), |p— @ { > A¢>> 8¥,, (1.17) can be integrated by parts, and
we obtain the estimate

. i ipi
1L | = | i e () | <t (1.23)

Theorem 1 demonstrates the different effect of the parameters ¢ and £ on the
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accuracy of the approximate solutions. If e, , the first approximations may be meaning-
less (the error is comparable to max|z]. Since the «, contain derivatives up to order 2»,
we can, in general, except for b, a factorial growth: b,~ (2! for z»3>1, 1i.e.,min (e, ~

e"Va for n~%e, and eh,, =1 for n>ef2, (it is assumed that g, ~1, y,~ 1, & < 1)

In this case the best approximations are connected with the values n ~ 1., while if n
el2e,, the z.,, may have no meaning. Then, for =z(§) to be bounded, it suffices to require
that eeV®>1  as (g, 8) —0.
In the multidimensional case, given suitable constraints, a theorem similar to Theorem

1 holds. Here, in the inequalities of the type (1.21); (1.22) we have 0 < ey, == min V> (=1,
... N), while

n

81211 " _,kz siksg{“'mb}f")
=0

where b5, are bounded for all o0<e ¢,
The proof is based on the fact that the multidimensional analogue of Ly differs from

the exact operator by the operator & (K(m_dd?—i-tl(n)), where the matrices Ky Upmy are

bounded for all 0 <eg <8y i=1,2, if C(v)(r=¢et>0 are differentiable 2, times.

2. Spectral analysis. Let the parameters ( () vary with frequency Q< min wy, and let
F, =exp (ipt), p> 0. We introduce functions

: t
Qo = S(ﬁ)m — Oge) Aty Vo = g(’\’a — Yao} @t Gqp = {0eYs Yag = (Yo’
8 o

- /2

B.% 414 %, W, o a %

= ¢ £ k:;z y 3g 2 (>”‘§;{" S (')dt
(my@,) P

D, (a) = {a(t)exp(— inQe)), S,%(a) =D, {ae'%)

&

Yx = (mlma)’[s ’

Putting min {yo> >0, we obtain from (1.2) the spectral resolution of the undamped
oscillations

+00

w= 3 expli(p + ne)J(fF,n(p) + ¥, (— p)) @1)
+o0
o _ Sim (-‘7;;(1) svmu (z4)
fk. n(P) - m;w 2(“)(10 Fm@—p+ i\’ao) (2-2)
For 19 1< Q, it can be assumed that | << 1. The functions @~ 1/, i.e.,

for sufficiently small Q the coefficients §,* can be found by the stationary phase method
/3/. Note also that

D, (5,%25) o e U 7y
ﬁ.-n(*?)%m , 2_‘ e 7k.-n(—~P)%W
N=—
If Ve Q the number of gignificant terms in the sums (2.2) is less, and in
particular,
1%, 1 (0an) 2 Sic:"ﬂ R} 8. % (20)/(2Vag)s  Gan = Gag + N
In the one-dimensional system with m; =1 and y == const > 0, we have

Sy
2= Y expli(p + nfap) ~Tn(— PN Ful0) = } 201 23)
3

n

Ru{py =0y + iy~ p, O =<o) + kQ
¢

S, =, (m"/' exp [S (0 — mo)dt])

0
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The guantities p® = (max @ — @)/Q, pO = (0, — min @)/ characterize the number of

significant harmonics in (2.3): 8§, =0 for n> p® and n<-—po. It can be a‘lssumed
without loss of generality that p® e p =p (u is sometimes called the excitation level).

If |p—,|>pQ or Q< we obtain from (2.3) the stationary approximation z = (0? +
(v + ipy?) et Thus, analysis of the resonant domain [p— o, | p@ with yp<<Q is
more important. If  yp<< w,/p, we have for the function E (p)=<lz [ {in the station-
ary case this is the amplitude-frequency response) the relation

T R R
% TR & R -
4 K n hkﬁn ) ks @

It can be seen that the maxima of E (p) are linked with the values p = o, = {o)-+ al.

The frequencies o, (|n << W may be called resonant. Not all the resonances appear: if
Sgex 0 for some k(| k|<C p), we obtain instead of a maximum for p = wy an extra deeper
minimum. When p3>1, the curve E (p) is nearer the boundary of the resonant domain at

the top than at the middle of the domain. If Q3>>y, there is a notable similarity between
the spectral amplitudes and the maxima at the resonant frequencies. In fact

5,8,
2iy
: it E

ik [P B F ooV /@y — | 251 B =111 P = Eﬁ:

) E(ﬂ) =E ((‘:'n) = (Do l Su l2/(4Y2)’ .fnk = fn—k (mk) o

Here, f.* is the complex amplitude of the harmonic exp (iw,t) for p = o (| k<< p),
so that, by calculating (or measuring experimentally) the amplitudes |f,*| for some |k |<
i, we can also estimate |f,J| for sk, and also the behaviour of the curve E (p)
(the size of the maxima, and the position of the extra minima, etc.).

The forced oscillations in multidimensional systems are made up of one-dimensional
oscillations, to which correspond the natural frequencies o, and the coefficients of
friction 7v,. If all the parameters vary over a small range with the same frequency @,
the guantities

lyrs Wy == <0,> -+ nQ, Snva ({’);/x)’ tg = max [ &, — Wgy 112

define the main properties of the spectral amplitudes of these oscillations. Every mean
square characteristic E (p) = ggn <@ {gkn = Enx = coBst) in the ranges of p where | REHE, /dp 'S
x <1 (& (p) is the stationary analogue of E (p)} 1is virtually equal to E,(p) (£ — Ep| = xEq)-
In the resonance domains (|p — o, ) 4 however, E(p} is qualitatively different from
Ey(p), and we have

E(p)m 1 2! S % [2Eq (p - nQ)

gl

If >0 [ p— 0y ISR | 0gy— 0pg | >y + pp) R BFa

The above spectral analysis gives an idea of how the properties of the forced oscillations
depend on the functions Y = {4, B, W, ®, 7). The most important characteristics are  the
functions

4
P () = § (0o — (o) dt

[

{phase oscillations) and the means <¥Y).

3. Non-linear disturbance. We shall study the non-linear oscillations by using the
above method of partial linearization. We shall confine ourselves to the one-dimensional
case; under suitable conditions, our scheme can be easily extended to the cases N> 2,

The non-linear generalization of Eq.(1.1) with N=m, =1 is

Lz = ( j:, + 2ey (1) ‘;:“ + U(t))x= F{t)+eQ(z,2,t), t=¢l (3.1)

where Q{z,z,1) is infinitely differentiable with respect to x and z* {in particular, it
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may be polynomial), and @Q{0,0,%) = 0. We note at one that, if z, is a bounded solution of

Eq. (3.1}, then in general z=uz, + y, where y () is given by
Ly=eVi{e, y), Vo, d =Qzi+y 2/ +7, ) — Glay. 2, D) (3.2)
We will first introduce some notation. Let o () be an approximation, given in {1.18).
We assume that 0 <ey =<K Omin < © < Omax- Let g be the frequency interval (Omjn —

Ag, Omax T Ay), where A, == const satisfies the conditions eyy<€ Ayj<€ Omin. Let G be the
set of infinitely differentiable functions which can be expanded for ¢:»0 in absolutely

convergent series of the type DAy cos (k2 + @) If |8, |&=g in these series, then G, C G,

while if |8} <C A,, then G, G. For a function g({)<= 6 we define the operations Hg,
{g): Hg= G, {9} =G — Gy, g = Hg+ {q) (i.e., Hg and {g} are the resonant and non-resonant
parts of g¢(f)). We also introduce H'q and {g} = (1 — H')g such that LHg9c G, L{g) =
G —G,.

A "smooth" division of the frequency spectrum is often more convenient: we preserve in
Hgq and {9} the harmonics of rapidly decreasing amplitude, whose frequencies go beyond the

indicated limits. In such cases we are usually dealing with functions of the type 3By cos
{ppf +P), where (B, ¥) & Gg {the class of slowly varying functions @, <can also be

smoothed). We can then define operators H,, which leave unchanged the harmonics  with
frequencies close to n<dw): H.q = Beos (nodt + 1), (B, $)E=G,; sometimes, H = L"'H~H,.

In (3.1) let (y,U)&= Gy, (F(),QW))=6G for all t>0. We introduce the idea  of
frequency linearization as follows: if Lye= 6y and z<= G, then
HV ) =uy + 21y (, ) S G, u = u(z, 1), r =1 (2, ) (3.3)

In general,
HY = 3 Ay cos (Ext + V), y= ;n cos (Bt + @),
i
5 2 3 Y Ay cos [ — O}t + b — ]
k nL

u

} (3.4)
r=—g 2\ 3 Vidnsin [ — 0 + b — il
k E

P =AYV By 005 [(On — On)t + G — ], (&1 O) = 2

If "smooth" separation is possible and y =acos(pt-+ @), p= <0}, (2,9 E Gy, a> a; >0
{(we then have in (3.4) p=oa(p+ ¢)), then, putting

V1=-§‘§-(V+B), Vgr_»gy—r(v—g), B=0@+ 4,2, =02, +y,1)
(Ho + Hy)Vi=ai + bicos(Zpt + 20 + @) (a0 05, ) EGoy 1=1,2

and observing that V, — dQ (z, 7', 1)/0z, V, - 0Q (2, 3", 1)/2° as y—> 0, we have

Qg

by 1 - Yo
5 — — C0S @y + W(blsmq}l -+ bz—:—smcpz)

r=

) 3 - 24 .
u o=+ azaT+—bz‘—c05(p1 —)—%—(—i—cos% +{p + cp)sm%)—-«-—;—-r (3.5)

Now, putting F = ¢F, + F,, ¢F, = HF, F, = {F}, the following scheme for analysing (3.1}
can be proposed:

IOZO’ Ty == Yp + Zps ynzH’xnv n=1,2,...

3y = L (Fy + e{Q(Tn1, Ta1, 1)) Yn =eLa'Py (3-6)
pn=F1 + HQ(Zm zn.vt)! anL' 287'71";5'—811%

Fn==7(Zn, Yn)y Up== U (Zny Yn)

When proving this procedure (see below), inequalities of the type |g¢ | << const simul-
taneously imply ({q¢l+ l¢)<<comst, if g(ye 6.
Put



437

L(z,y)=L — Zer(z, y)—gT —eu(zy), LE)=L(z0),

The operators L,L,, ..., will be said to be bounded, and we shall write L<I, L,<1,
..., if, given any g ()G, there are constants &, K,, K, such that
| L7 {q}| << K,max|q|, ¢|L"1Hq |< K,max|q|, ..., 0 e<<g 3.7

In particular, recalling (1.20) and (1.23), we see that (1.19) and (1.21) can serve as
criteria for boundedness.

In (3.6), (n, 1) =Cn =C (2n, Yn) ¢ Yn = Y (Cn, 2, Py). In the general case, these
functional equations lead to a set of solutions, i.e., C, > C.' =D (3, P, wher('e CD(.I),
@®, ..., is a set of functionals, the number of which depends on the type of non-linearity

Henceforth, we shall understand by <, any of the relevant sequences 2,V 2,
Before starting our main theorem, we consider the equation

Ly =eHV (z,y) + ¢ (t) > L (2, )y = e, z2& 6, ¢ (3.8)
G, (k=1,2,..)

We shall write L@ <I' (k=1,2,...) if, given any ¢ () = G,, there exists g, >0

such that L (z, efp)<<I for e<Cg, (i.e., the operator L (z) 1is bounded with a "margin").
In the case of (3.8), this means that, among the functionals @@ there is one D (3, P),
continuous in the neighbourhood | P | << e,f max | ¢ |, such that | D (z g*q) | << e* const.

Hence we have

Lemma. 1f L (z) < I*, then among the bounded solutions of (3.8) there is y(f) such
that |y |< e*M, where M, = const, 0 < &< g,

We can now prove the asymptotic convergence of the procedure (3.6).

Theorem 2. 1f (F,, F)e G for 0< &< g, then, for all the O0< e<e for which
Ly<<I, L{z})<1I* (k=1,2,...,n), we can find constants M, << o such that, among the
bounded solutions of (3.1) there exists z(f) such that |8z, |= |z — z, | << &"M,.

Proof. For Oz, = {z} — 2k, Oy, = H'z — y,  we have

Ldzy = ¢ {Q (z, 2, 1)}, . . ., LOays; = & {V (2, 62y)) (3.9)
Lby, = eHV (zy, Syx) — eHV (z, —8z), k=1,...,n (3.10)

Since (@ (2 2,1) 1is differentiable, we have the Lipschitz condition |V (a, b)| << | b | const.
Hence, successively analysing (3.9) and (3.10) ((3.9) for &z —(3.10), for &y,— (3.9), for
02y — etc.), we obtain from (3.9) in the light of (3.7), |8z < e*M,’, and from (3.10) we

have by the lemma, |8y, | < e*My" (M, My are constants). As a result,
| 8z | << Mye®, k=1,...,n, M, = const
A few words about Eg.(3.2), where we take L</ and seek yeG. If y={) =2 then
|z]<<e|z const and =0 for sufficiently small e Hence H'y=y, =0 if y=0. Here,
Lz,ypy=¢¢(),9g=6 and (3.2) has non-trivial bounded solutions only when L(z,y)<I as
g — 0. For (3.2) we can propose a scheme similar to (3.6), and obtain in the first approxi-
mation L (z,y)p = 0. Hence the wanted solutions clearly arise in the parameter domains

which separate the cases of increasing and damped solutions of the equation L (z, )y = 0. These
domains can be defined by the relation ((y—r(z,p))) —+0, e—0, which will obviously not
hold for any types of functions =z (), Q(z, z,1).

For instance, .we can put F—F 4 ap() in (3.1) and choose ¢{) =6 in such a way that
the relation is not satisfied. Passing to the limit as a—0 in the results of (3.6), an
increase in the number of functionals ®® must, in general, be expected. This procedure
allows the scheme (3.6) to be used for seeking the solutions (3.2).

Functions of the class G have been considered above, so that the time interval has not
been restricted. If we take 0<{t< Tofe, v =¢t, all our results apply for functions q (t,
)=¢ ({6, which are infinitely differentiable with respect to T for all 0<{ 1< T,

Now consider in more detail the one-dimensional system with

0<y=const, © =1+ 3 inQu_ exp(inQt), p, = fi_, = coust

nso
min @ (t) = o, >0, 0 <€ oy,
Q=2 F=¢eFjcospt, p=Eyg
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In {(3.6) the first approximation gives
YOS S
21 =0, ry=0, 2y = ¢Fy Re ZZ" exp (i {p +n@)2), f, = L.ﬁ_"ﬁ_’f_k_ 3.11
3

e (P -+ %o)

S, =@, (77 exp (@ — @) by @) =1+ KQ 4+ iey —a
11

t
. '/ eu \ £ u
‘P:S(m‘“i)dh ‘PxﬁS(T(;—Mo)d!, Ko:"z”‘”<“'m““1>
0

g

n

t

3etF 2 ) 2 3
Uy = o exp {(— 2eyt) ‘ S exp (eyt 4 iy) dt I =5~ Z E‘n exp (indt) (3.12)
—oa n
g2 F a2
VY=gt {0o—p—s}t, E =—5— Z Franfe = (2% exp (— inQt)
X

Let the parameters vary over a small range: |e—1]<€1 (in practice it suffices that
o —1]<03). Introducing for the set B = (B;), where By = P.p=const, FEF= 1, 42, ..., the
notation

S (hy==>, (exp [i Zﬁkexp(ith)})‘ f, (e, ﬁ):ZW

k=20

’

QAP 2 Snim (B S, (B)
Fn (2, B)g 80 Z hm+(7:) ﬁn+mm(a)

we obtain fn=/falp + %, b —% and the system of equations for i, (x):

3 3ei
no= g elo(p -+ ko — %) %, = — Zr By (0 + %o o — %) (3.13)

When Q>ey we have the order relations [f,]<C(2ey)?, | % | < 3eF ¥/ (3298 = o, | sy | < eyd/(kQ)3,
where we take a<£ 1. Obviously, it is only when 7y <€ 322F,%(320%) that there 1s any point in
taking account of x with J¥|>1. If ay@r<i and o =14 QuycosQ, p,>1, then, assum~
: R 3e
ing that % =0 for |k|>2, we obtain &, = exp(—indg) n (x — *1)» Yo =20 Im £y (p - %o, k1 — %) (J, are

Bessel functions), and the system of equations for ug %:
3e 3e
*o= =7~ Eo(p -+ %o b1 — ), %1 =55 Re By (p+ %o, ths — %1} (3.14)

Notice that (3.13) and (3.14) are in essence a parametric specification of the functions

%Xp = %y (p, W), =10, ii"'-vy’:(ukL
If the parameters can vary over a fairly wide range and max o — 1|> the stationary
phase method can be used to solve the functional Eg-{3.12). We shall assume that o) is
an even function, with one extremum in the half-periocd =a/Q. Assume that of{y)=p gives t=
dtp, 0 <ty < 4/Q, and that w=o0 (tp) F0. Then, if [w|>9 (i.e., minoe <p<maxw), we
obtain s
uy (8) = -—P%QL eV D= %’%—- (ch eyT — cos yT)™?

T=2n[Q, y=1—p—uny
y D exp (2eyTn), (nT — 1) <t < (nT 1))
10 =1 p, exp @eyTn), (T + 1) <1< (BT +T ~t)
ng=0, 4 4,..., Dy =chiey (2tp — TV -+ cos(y (th — T} + 5 — 2f)
D, == ¢*¥7 [ch (2ey2,) + cos (292, -+ 2 — 2)]
tp
nw
Yy = S((e—l)dt—}—m
8
Here, %0 B are given by the system of equations

[ e T
o ::*-2‘-(171 +- 8} D, 6:__2‘((—2.‘“'%) bl-—tpb~3>D
tp T-tp

D D e exp (— Zeyt)
bx*;“TLS qdt, by= T2 ) gdt, g =-""cg
!
P

=ty
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To sum up, we have demonstrated the cases when we can pass from the functional equations
for Cp=(u,rn) to a system of ordinary (not differential) equations with only a few unknowns.
it can be said in general that the passage can be made if, in the expansion (= Zdxcos (8 -+ i),
the condition |edyx|=2 6 is satisfied by only a few harmonics. The stationary-phase method
also simplifies the functional problem. Given these possibilities, our scheme is preferable
to the methods described in . /1/, in which the results are stated as first-order non-linear
equations for the amplitudes and phases.
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THE CONDITION FOR SIGN-DEFINITENESS OF INTEGRAL QUADRATIC FORMS
AND THE STABILITY OF DISTRIBUTED-PARAMETER SYSTEMS*

F.D. BAIRAMOV and T.K. SIRAZETDINOV

The stability of distributed-parameter systems described by linear
partial differential equations is investigated by reducing the original
equations by a change of variables to a system of first-order equations
in time and in spatial coordinates. The Lyapunov functions are
constructed in the form of single integral forms. New necessary and
sufficient conditions for the sign~definiteness of these forms are
obtained. These conditions, unlike the Sylvester c¢riterion, do not
require the calculation of determinants. The <check for sign-
definiteness is made wusing recurrence relationships and is a
generalization of the results obtained in /1/.

The proposed criteria are applied to derive sufficient conditions
for the stability of distributed-parameter linear systems. The
construction of functionals for the one-dimensional second-order linear
hyperbolic equation is considered in more detail. As an example, we
examine the stability of the torsional oscillations of an aircraft wing.

1. Consider a system of first-order linear partial differential equations of the form

8

7] & [
F= 2 (40 + B Fh) + Ao+ Byx)b (1)
k=1
c L
3 (602 + DT ) + Cotmr + Dyx) 9 =0 (1.2)
K==l
where te& I =(0,0), X = (2,2 ...,.2) & XCE is a vector of spatial coordinates, ¢ =

¢ (x, 1) is the n-dimensional vector of phase functions, ¢ =¥ (x, f) is the m—-dimensional
vector of phase functions whose derivative with respect to time does not occur in the systenm
(1.1}, (1.2), Axx), By{x), C; {x), and Dy (x) (A =0,1,...,5) are matrices whose elements
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